The quantum XX chain -or rather ring -is studied as a toy model of an interface. Two transverse field patterns are used to define the interface, on the one hand a staggered field, on the other hand a step-like configuration, from −h to +h. The interface leads to Friedel oscillations and proximity effects, in particular close to the quantum phase transition of the bulk, which is a metal-insulator transition in the fermionic language. The most prominent interface effects appear for odd-numbered rings, for which -in contrast to even chains -the ground state is doubly degenerate. In the regime where the bulk energy spectrum is gapped a level appears close to midgap, with a wave function localized in the region of the interface. The two members of the ground state doublet have two different particle number parities and spin components Sz = ± 1 2 . They also have different energy levels and thus the degeneracy does not originate from different occupancies of a rigid band structure, but rather from a global symmetry. The unitary transformation linking the two degenerate ground states resembles a Majorana operator. Coherent superpositions of the two states may be suitable candidates for well protected qubits.
I. INTRODUCTION
Spin chains are favorite models for studying fundamental quantum phenomena. Thus the XY chain, where only the x and y components of the spin operators are coupled, has been used for discussing quantum phase transitions 1,2 , quantum dynamics 3-5 and quantum entanglement 6, 7 . It has also served as an illustrative case displaying the effects of randomness on critical properties 8 and as a handy example for scrutinizing variational ground states 9 .
In this paper we use the model for discussing characteristic effects produced by an interface. A multitude of interesting phenomena can occur at the interface separating two different materials, such as proximity effects -the spillover of the order present in one material into the other within a certain spatial region -Friedel oscillations -a periodic variation of electronic charge density in a metal close to the interface with an insulator -or the generation of a two-dimensional electron gas at the interface between a doped and an undoped semiconductor, a prerequisite for the Quantum Hall Effect. Recently metallic -and even superconducting -states generated at the interface between a band and a Mott insulator have stimulated a whole new field of research 10 . Similarly, in topological insulators conducting states are produced at an interface (or at the surface), with rather exotic properties 11 .
We model the interface by choosing particular configurations of the transverse fields, as illustrated in Fig. 1 . For the staggered field an interface is created by joining the ends of an odd-numbered chain. In the step model the interface is produced by applying opposite fields in the two halves of the chain.
We consider the isotropic version of the model, the XX chain -or rather a closed ring -coupled to a transverse 
where S α j , α = x, y, z, are spin 
where the particle number N = j c † j c j is related to the z component of the total spin as
For odd N , the Hamiltonian (3) is a simple tight-binding model with an inhomogeneous chemical potential. For even N , the hopping term between sites L and 1 has a different sign than the others. For very large chains this should have negligible effects on bulk properties. However, as we will see later, this boundary term is essential for the ground state degeneracy in odd-numbered chains.
Before discussing interface effects we recall the essential ground-state properties in the absence of an interface. Specifically, we consider the two cases of constant and alternating fields (for an even number of sites in the latter case). Some mathematical details are presented in Appendix A.
For a constant field, h j = h, j = 1, ..., L, the main properties of the model have been widely explored, ever since the seminal work of Lieb, Schultz and Mattis 12 . The single-particle spectrum J cos k − h is negative for all values of the wave vectors, −π ≤ k ≤ π, if h exceeds J; for h < −J, the spectrum is positive. For h = 0 the ground state corresponds to a half-filled band with Fermi wave vectors ±π/2. The filling changes as a function of h, with Fermi wave vectors moving inwards for h > 0 and outwards for h < 0; they disappear at h = ±J, where a Lifshitz transition 13 from a partially filled band to either a completely filled or a completely empty band occurs. The magnetization per site
(and correspondingly for h < 0) is shown in Fig. 2 , together with the susceptibility χ = dm/dh. The two critical points h = ±J mark the transitions from a partial magnetization to fully aligned moments. For a staggered field, h j = (−1) j h, j = 1, ..., L, the single-particle spectrum has a gap 2|h| separating a valence from a conduction band for an arbitrarily small field amplitude h. Moreover there is long-range antiferromagnetic order with local moments given by
where K(x) is a complete elliptic integral of the first kind and λ = h/J. Fig. 3 shows both the order parameter (the staggered magnetization (−1) j m j ) and the susceptibility χ = (−1) j dm j /dh. The order parameter grows first linearly as a function of the field and saturates for |h| J. The susceptibility diverges at the critical point h = 0.
The ground state can also be readily obtained if both homogeneous and staggered fields are included. Besides phases with fully aligned or alternating spins a third phase is found where both orders coexist 14 . for |h| → ∞, and susceptibility χ, diverging for h → 0.
From now on we will mainly concentrate on interfaces, such as the step model or odd-numbered rings with staggered transverse fields. Sometimes more general inhomogeneous field patterns will be considered, subject to the constraint
This condition of vanishing average field will also be applied to the two particular configurations of Fig. 1 , where it holds automatically for even-numbered chains. To satisfy the constraint for an odd number of sites we assume the field to vanish at a single site (at the site of the interface for the step model),
Instead of inhomogeneous fields one could also consider inhomogeneous exchange constants J j . Their effects are however expected to be much weaker than those of an inhomogeneous field. Consider an even-numbered chain with exchange constants varying arbitrarily in sign, but not in absolute value. Applying the canonical transformation S The paper is organized as follows. Symmetry considerations are presented in Section II, which are very useful for the XX chain with interface, despite the fact that translational invariance is explicitly broken. For general fields vanishing on average the concept of particle number parity can be used to determine the ground state degeneracies. For an even number of sites and more restricted field patterns, namely those that are odd under reflection about the chain center, we find a particular SU(2) symmetry involving operators O x , O y , O z . While O z is essentially equal to the z component of the total spin, the other two operators generate mappings consisting of both a reflection and an electron-hole transformation. Section III discusses the step model for an even-numbered chain. The critical point separating a "metallic" from an "insulating" phase is at |h| = J, in close analogy to the Lifshitz transition for a homogeneous field. For |h| < J, pronounced Friedel oscillations in the local moments (or the particle density) occur. Both their characteristic wavelength and their intensity depend on the field strength. Chapter IV deals with the intriguing case of odd-numbered chains, both for staggered fields and for the step model. In both cases an isolated level appears in the gap, which is not exactly at zero energy. Nevertheless the ground state energy does not depend on the occupancy of this level, in perfect agreement with the symmetry arguments of Section II. Although the SU(2) symmetry of even chains no longer holds, the unitary transformations introduced in Section II can be generalized to odd chains. One of these transformations links the two degenerate ground states and has the form of a Majorana operator. A coherent superposition of these two states, a possible qubit, has a magnetic moment in the plane, with some angle and an amplitude ≤ 1 2 . Section V presents a brief summary as well as a discussion of possible extensions, such as the XXZ model or the XY chain with anisotropic exchange.
II. SYMMETRY CONSIDERATIONS A. Particle-number parity
The Hamiltonian (3) depends on the particle-number parity P = exp(iπN ), a concept that has been successfully applied in other contexts, such as even-odd effects in small metallic grains 15 . This operator commutes with the Hamiltonian and therefore both the single-particle levels and the many-particle eigenstates can be grouped in two parity sectors according to the eigenvalues of P (±1). For transverse fields satisfying the constraint (7) the Hamiltonian has also particle-hole symmetry, in the following sense. The transformation c j → c † j , c † j → c j , j = 1, ..., L, simply changes the sign of the first two terms of the Hamiltonian. As to the boundary term, one has to take into account that at the same time N is transformed to L − N and therefore P → P for even L and P → −P for odd L. Therefore this particle-hole transformation amounts to the mapping
Because this is a canonical transformation, the spectrum does not change. For even chains the energy levels occur in pairs (ε ν , −ε ν ) in both parity sectors. For odd chains the energy level ε ν of one parity sector has its partner −ε ν in the opposite parity sector. To determine the ground state one has to explore both sectors. Setting aside the ambiguity of zero-energy levels, one quickly realizes that the rule of simply occupying all the negativeenergy levels is not always consistent. In fact, the calculation of the single-particle spectrum for a given parity sector may produce a number of negative-energy levels that disagrees with the parity chosen initially. For even chains the number of negative-energy levels is equal to L/2, in both parity sectors, and one expects the ground state to have parity P = exp (iπL/2), for which it is consistent to occupy the negative-energy levels and to leave empty the positive-energy levels. Thus the ground state is expected to be unique for even chains. For odd chains the situation is slightly more complicated. If there are N negative-energy levels in one sector, there are L − N negative energy levels in the other, but this number N may or may not agree with parity, as will become more clear for the explicit examples of Section IV. Let us first discuss the case where parity and number of negative-energy levels are consistent. The ground state energy in the + parity sector is then given by
Together with the relation ν ε (+) ν = 0, a simple consequence of the constraint j h j = 0, and the fact that to each energy level ε 
Therefore there are two orthogonal states with the same energy. If the particle-number parity and the number of negative-energy levels are not consistent, one has either to add a particle to the lowest unoccupied positive-energy level or to remove a particle from the highest occupied negative-energy level. Particle-hole symmetry together with the vanishing trace of eigenvalues can then again be used to show that the many-particle states in the two sectors have the same energy. We conclude that the ground state for an odd-numbered chain is degenerate.
B. SU(2) symmetry (L even)
Consider an even-numbered chain, L = 2M , with fields that are odd under reflection about the chain center, i.e.
The two field patterns of Fig. 1 satisfy this relation. We now introduce the operators
They satisfy the commutation relations of an angular momentum
and commute with the Hamiltonian (3) for field configurations satisfying Eq. (11). Therefore our model has SU(2) symmetry. We note that the XY Hamiltonian (3) has of course not the SU(2) symmetry with respect to the true spin operators. Rather the operators (12) are similar to the η spin introduced by Yang and Zhang in the case of the Hubbard model 16 . The possible eigenvalues of O z are integers between −M and +M . Thus the many-particle states may have rather large degeneracies, in contrast to the single-particle states, which are expected to be nondegenerate. Certain (many-particle) eigenstates can then be constructed in a similar way as those of the ordinary angular momentum operator. For instance, starting with the eigenstate for N = L, where all sites are occupied, we can generate an eigenstate for N = L − 2 by applying the lowering operator
In a similar way one finds an eigenstate for N = 2 by applying
to the ground state for N = 0, where all sites are unoccupied.
C. Symmetry transformation
The operators introduced above can be used as generators of symmetry transformations. As a particular example we consider the unitary operator
which induces a particle-hole transformation plus reflection,
where j = 1, ..., M and L = 2M . It leaves the Hamiltonian (3) invariant if Eq. (11) holds. One also finds the simple relation
where n j = c † j c j . This operator is both hermitian and unitary and therefore its possible eigenvalues are ±1.
As an example we choose a state with an even number of particles distributed over the L sites such that n j = n L+1−j , j = 1, ..., M . In this case U 2 = (−1) M . It is easy to check that any permutation of particles does not change this value and therefore any state of an even number of particles (or of even particle number parity) is an eigenstate of U 2 with eigenvalue (−1) M . Similarly, for an odd number of particles we can start with a configuration where the relation n j = n L+1−j , j = 1, ..., M holds for all sites except one. Therefore one of the factors in Eq. (18) is equal to 1 whereas all the others are -1. The eigenvalue of U 2 for any state with odd number parity is −(−1) M . Thus any N -particle state of a chain with L = 2M is an eigenstate of U 2 with eigenvalue (−1) N +M . We conclude that up to a phase factor of (−1)
M the operator U 2 is identical to the particle number parity P .
III. FRIEDEL OSCILLATIONS (L = 2M )
The step model of Fig. 1 can be viewed as the union of two chains with different homogeneous transverse fields. If interface effects are neglected, each part will undergo separately a quantum phase transition, one at the left critical point of Fig. 2 , the other at the right point. This can be quantified as follows. We introduce fermionic operators a j , b j through
and write
where H consists of boundary terms proportional to J and a M +1 = a 1 , b M +1 = b 1 . If we neglect H we find two independent chains with homogeneous fields −h and +h, respectively, and with single-particle spectra J cos k ± h. For |h| > J one band is empty, the other one is full. In this limit, the magnetic moments m j are − The boundary terms in H are negligible for |h| J, but not for |h| < J. To study the "metallic" region we have numerically diagonalized the Hamiltonian. The single-particle spectrum is illustrated in Fig. 4 . A gap exists for |h| > J, while the system is gapless for |h| < J, as expected. The local moment at site j is given by
where u jν are the matrix elements of the unitary transformation that diagonalizes the Hamiltonian (ν numbers the energy levels). The numerical results are illustrated in Fig. 5 for several values of the field strength. Only the right half of the chain is represented, the left segment being simply obtained by inversion with respect to the origin of the axes. Pronounced oscillations are observed with amplitudes that first increase as h increases and then quickly disappear at the approach of the critical field strength, where the magnetization saturates at m j = + 1 2 in the right half of the chain (and − 1 2 to the left). Both for h J and for h J the magnetic moments can be calculated using perturbation theory, as shown in Appendix B. In the appropriate limits the results agree well with those shown in Fig. 5 . Thus for h J the expansion in powers of J/h shows that the mutual influence of the two different orderings is only effective in close proximity to the interface.
To make contact with the conventional picture of Friedel oscillations, we split the Hamiltonian into two parts as in Eq. (20) and consider field strengths smaller than J. The first term represents two metallic systems with Fermi wave vectors ± arccos (h/J). The surface term H is then expected to produce Friedel oscillations with period π/ arccos (h/J). This prediction is in perfect agreement with the periods of the oscillations seen in the figure. A closer look shows that for some specific field strengths the oscillations are practically absent, while they are particularly pronounced for others. We attribute this effect to interference between Friedel oscillations originating from the two interfaces located, respectively, in the middle and at the end of the chain. 
IV. ODD-NUMBERED CHAINS
We turn now to the discussion of odd-numbered chains. To preserve the condition j h j = 0, we start from an even-numbered chain and add a site at which the magnetic field vanishes. The choice of the site is arbitrary for the staggered field while for the step model we insert it at the interface. Choosing in both cases the additional site at = (L + 1)/2, we can write the field term of the Hamiltonian as
where σ j = (−1) j for a staggered field and σ j = 1 for the step model.
A. Midgap level
To understand qualitatively the spectrum, we consider first the limit |h| J and bypass the new site by replacing the hopping terms involving the site by a single hopping between − 1 and + 1. We obtain two independent systems, an even chain -with either a staggered field or a field step -plus a single site without field. In this limit the spectrum consists of a filled valence band, an empty conduction band and a single midgap level at ε = 0.
The numerical diagonalization of the Hamiltonian confirms this picture. Fig. 6 shows the result for a chain with 11 sites and a staggered field at all but one site. The spectrum clearly exhibits the two bands plus an isolated level, which tends very quickly to midgap as h increases. The two figures correspond to two different particle numbers. N is odd in the upper case and even in the lower case. This is at odds with the number of negative-energy levels, which is even in the upper case and odd in the lower case. Therefore in the ground state the midgap level is not occupied in the upper case, although its energy is slightly negative, while it is occupied in the lower case, although its energy is positive. The particle-hole symmetry between the two figures is obvious. It implies, as explained in Section II, that the total energies of the two distinct states are equal, hence the ground state is doubly degenerate. For the step model similar results are obtained for |h| > J.
In the presence of an energy gap of size 2∆ the wave function u j0 of the midgap state is localized, i.e. it decreases as exp (|j − |/ξ) with a localization length ξ ≈ J/∆. For the step model (in the limit L → ∞) ξ diverges at the critical point. 
B. Symmetry transformation
The operators (12) can also be used for odd-numbered chains, with M = −1. They no longer commute with the Hamiltonian, but the modified unitary transformation where |1 and |0 are the two possible states of the added site with occupation numbers 1 and 0, respectively, and |Φ is the ground state for the Hamiltonian involving all the other sites. In this approximation |Φ does not depend on the occupation of the added site. It is convenient to split the spin operators as follows
where is the added site and
Because of Eq. (26) |Φ can be assumed to be an eigenstate of S z with eigenvalue zero. It follows that also the expectation values of S x and S y with respect to |Φ vanish. It is then easy to see that for the qubit state |β we obtain the simple result
In the limit |h| J the double degeneracy originates from the existence of a zero-energy level, which may or may not be occupied. For smaller fields the degeneracy is not simply related to different possible occupancies of the zero-energy level, but relies on global symmetries. This is quite different from the famous midgap states associated with kink solitons in the SSH model 17 , where the zeroenergy level can be empty, singly or doubly occupied, and where neither the midgap state nor the band states are affected by a change in occupancy. In our case a change in the particle number by 1 modifies the Hamiltonian, and therefore both the midgap state and the band states are altered.
It is remarkable that the degeneracy of the ground state does not depend on the field configuration except that the trace is required to vanish, j h j = 0. If this condition is fulfilled, field fluctuations will not lead to decoherence. Moreover, for the two examples studied here the doubly degenerate ground state is separated from the excited states by a finite gap, provided that the field strength is large enough in the case of the step model (|h| > J). Thus the conditions for a useful qubit, low decoherence and excitation gap, seem to be well satisfied by our model. Both the relation (26) and the subsequent discussion remain valid, except that now there is no guarantee for the existence of an energy gap. Therefore the state (29) cannot be used indiscriminately as a well protected qubit.
D. Generalization
We can easily extend these considerations to more general field patterns, namely to those defined by Eq. (11) for j = 1, ..., − 1 together with the condition h = 0. For simplicity we use open boundary conditions, for which the parity-dependent term in the Hamiltonian (3) is absent. In this case the transformation c j ↔ (−1) j c L+1−j , j = 1, ..., , maps H into −H, and the single-particle spectrum is symmetric, i.e. energy levels occur in pairs (ε α , −ε α ), except for one level which is mapped onto itself and therefore has zero energy. In one of the ground states the zero-energy level is empty, in the other it is occupied; they correspond to the states |+ and |− described above.
V. DISCUSSION
In this paper we have studied the ground state of the XX chain with an interface defined by specific patterns of the transverse field. Two types have been investigated in detail, a staggered field where an interface is produced automatically for odd-numbered rings and a step model where the field jumps suddenly from a negative value −h to a positive value +h. The step model illustrates nicely the effects of an interface separating two halves with different magnetizations, or with different particle densities in the fermionic language. In the "metallic" regime, |h| < J, we have found Friedel oscillations which become quite pronounced with increasing field strength but then quickly die out as the critical point |h| = J is approached. For larger fields a proximity effect remains, limited to the sites adjacent to the interface. To realize the step model, or at least a smooth step satisfying the condition (11), one could imagine two identical U-shaped magnets placed symmetrically with respect to the center, but with north and south poles interchanged.
Odd-numbered rings exhibit some rather intriguing phenomena. For any field pattern satisfying the relation j h j = 0 the ground state is doubly degenerate. In the insulating phase of our two interface models this degeneracy is linked to a level close to the center of the energy gap. For finite lengths the precise location of this level shifts as the particle-number parity P = exp (iπN ) is changed, due to a parity-dependent boundary term. Thus the degeneracy for an odd number of sites originates from a global symmetry and not simply from the occupancy of a zero-energy level. An explicit unitary transformation U has been constructed, which maps one ground state to the other. The operator U has the properties of a creation (or annihilation) operator of a Majorana fermion, and U 2 is essentially equal to the parity P . The doubly degenerate ground state has spin S z = ± 1 2 and may be a promising candidate for a well protected qubit.
An interesting question is to what extent the present results survive if the coupling between z components of the spins is also included. In the fermionic representation it amounts to considering an interaction term between particles on nearest-neighbor sites. This problem has been studied numerically both for homogeneous and staggered fields 14 , but to our knowledge not in the presence of an interface. The coupling between z components breaks the SU(2) symmetry established in Section II, yet it does not spoil the invariance of the Hamiltonian under the transformations (16) and (23) for even and odd chains, respectively. Therefore the eigenstates of oddnumbered chains remain degenerate.
A further possible generalization would be anisotropic exchange, J x = J y . In this case the Jordan-Wigner transformation leads to a BCS-type model and, as shown by Kitaev 18 , to the possibility of Majorana fermions at the two ends of a chain in a (homogeneous) transverse field.
while for |h| J we just interchange the two terms. Therefore the unperturbed ground states |Φ 0 are, respectively, the half-filled band (levels with |k| <
